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ABSTRACT 
General equations which describe optimum f l i g h t  t r a j e c t o r i e s  i n  a plane 
for  an  assumed model a i r c r a f t  are ob ta ined  in  th i s  pape r  by the use of the 
methods of  calculus  of  var ia t ions.  These general  equat ions are p r e s e n t e d  i n  
a form applicable for analog computer solution. A few t y p i c a l  two poin t  m h i -  
mum time trajectories are obtained using the analog computer  for  thrust  only,  
drag only,  and thrust  and drag cases .  31wo i n t e r e s t i n g  f e a t u r e s  are i l l u s t r a t -  
ed by these  results. 
1. Optimal t r a j e c t o r i e s  do n o t  e x i s t  t o  a l l  p h y s i c a l l y  o b t a i n a b l e  
endpoints  in  the plane.  
2. For  the cases which  include  drag, i f  t he  endpo in t  i s  a s u f f i c i e n t  
d i s tance  from the  or ig in ,  then  a por t ion  of t h e  f l i g h t  t r a j e c t o r y  
i s  flown i n  a quasi-steady manner. 
The s e n s i t i v i t y  of t h e  s o l u t i o n s  t o  c e r t a i n  unknown cons tan t s  a s  a func t ion  
of endpoint  locat ion i s  i l l u s t r a t e d  and discussed. Also some methods  of  making 
approximations to  an opt imal  t ra jectory are  out l ined.  
Vii 
APPLICATIONS OF THE CALCULUS OF VARIATIONS TO AIRCRAFT  PERFORMANCE 
by T.  L. Vincent, F. Lutze, T. I sh iha ra  
The University af Arizona 
INTRODUCTION 
When a person i s  i n  c o n t r o l  o f  a vehic le ,  he  i s  usua l ly  ab le  to  t r a v e l  
along one of  an inf ini te  number of paths and bring himself and h i s  v e h i c l e  t o  
one  of  any number of f i n a l  s t a t e s .  He must,  however, opera te  the  vehic le  wi th in  
c e r t a i n  bounds  which res t r ic t  h i s  maneuvers. Brief ly ,  he is l imi ted  t o  opera te  
wi th in  the  laws of nature,  government,  and se l f -p re se rva t ion .  
It is q u i t e  n a t u r a l  t o  a s k  i f  i t  i s  poss ib l e  to  ope ra t e  a g iven  vehic le  
i n  a n  optimum fashion and s t i l l  obey a l l  o f  t h e  above  mentioned  laws.  Since 
the formal procedure for obtaining an answer based on analysis is usua l ly  qu i t e  
formidable,  answers to questions of this type are often obtained i n  a n  i n t u i t i v e  
and/or semi-analytical  way wi th  prac t ica l  exper ience  be ing  used,  i f  p o s s i b l e ,  a s  
a guide. However, an  ana ly t i ca l  op t ima l  con t ro l  so lu t ion ,  i f  on ly  to  a much 
s implif ied case of  the or iginal  problem, i s  of  cons iderable  va lue  s ince  th i s  
program should give considerable insight into the nature of the  opt imiza t ion  and 
w i l l  give an upper or lower bound t o  which in tu i t ive  or  o ther  sub-opt imal  con- 
t r o l  programs may be  compared. In t h i s  way the  s ign i f icance  of  an  opt imiza t ion  
or  the  ga ins  to  be made  by an opt imizat ion are apparent.  
An a i r c ra f t  capab le  o f  con t ro l  may be f lown in an opt imal  fashion with 
considerable  advantage.  The determinat ion of t h e  f l i g h t  t r a j e c t o r y  and the  
corresponding control program which results i n  optimum performance for a s impli-  
f i e d  model a i r c r a f t  is the  sub jec t  of t h i s  paper .  It i s  w e l l  known t h a t  t h e  
ca lcu lus  of  var ia t ions  may be  used f o r  t h e  a n a l y s i s  o f  t h i s  problem. Among the 
f i r s t  i n d i v i d u a l s  t o  set up problems i n  a i r c r a f t  performance using the calculus 
of  var ia t ions  were Hestenesl  and Garfinke12 i n  1951. La ter  Cicala3 and Miele4 
set  u p  a i r c r a f t  performance problems using a par t icu lar  case  of  the  genera l  
mathematical  problem from the calculus of variations known a s  t h e  problem of 
Mayer.  The Mayer formulation has been highly popular ever since because of i t s  
gene ra l i t y  and adapt ion  to  the  concepts  of  s ta te  and c o n t r o l  v a r i a b l e s .  The 
Mayer formulat ion w i l l  be used in  th i s  pape r .  
Tnere is no p a r t i c u l a r  d i f f i c u l t y  i n  s e t t i n g  up a problem i n  o p t i m a l  f l i g h t  
mechanics and displaying the optimizing conditions which must be m e t  along an 
op t ima l  t r a j ec to ry .  The e s s e n t i a l  s t e p s  used i n  o r d e r  t o  a r r i v e  a t  t h i s  state 
of ana lys i s  a re  to  descr ibe  mathemat ica l ly  the  quant i ty  to  be optimized and the 
app l i cab le  cons t r a in t  cond i t ions ,  de f ine  an  augmented f u n c t i o n  i n  terms of these 
cond i t ions ,  and  then  u t i l i ze  the  r e su l t s  o f  t he  theo ry  of t he  ca l cu lus  of v a r i a -  
t i o n s  t o  write down the Euler-Lagrange equations and associated optimizing 
condi t ions .  There are numerous papers  which i l lustrate the procedures mentioned 
above5. However, due to  the  ve ry  complex nature  of  the opt imizing condi t ions,  
t he re  are very few papers  on aircraf t  performance in  which the solut ion to  the  
opt imizing equat ions i s  obtained.  
I n  o r d e r  t o  make a problem i n   f l i g h t  mechanics  t rac tab le  ana ly t ica l ly ,  
u s ing  the  ind i r ec t  methods of the calculus of var ia t ions ,  cer ta in  approximat ions  
and assumptions w i l l  usually have to be made. For example the thrust  of a t u r -  
b o j e t  e n g i n e  o r  t h e  d r a g  c o e f f i c i e n t  o f  a n  a i r c r a f t  may have t o  be assumed con- 
s t an t  t h roughou t  t he  f l i gh t .  Under these assumptions,  an analysis i s  made  by 
ope ra t ing  on  the  p r inc ip l e  tha t  t he  form of  an opt imal  t ra jectory is not micro- 
scopica l ly  dependent  on  re la t ive ly  small changes t h a t  would ac tua l ly  take  p lace  
in  these parameters .  In  comparison,  the direct  methods  of  dynamic programing 
o r  s t eepes t  a scen t  when app l i ed  to  problems i n   f l i g h t  mechanics can and usually 
do include the details  of engine data,  etc. The in t en t  o f  t h i s  pape r  i s  t o  
p r e s e n t  a n a l y t i c a l  s o l u t i o n s  t o  s i m p l i f i e d  y e t  realist ic a i r c r a f t  models so t h a t  
an understanding of t he  s ign i f i cance  o r  phys i ca l  meaning assoc ia ted  wi th  an  
op t ima l  so lu t ion  w i l l  be made apparent .  Rather  than  inves t iga te  the  de ta i l s  o f  
a p a r t i c u l a r  o p t i m a l  f l i g h t ,  g e n e r a l  results will be obta ined  in  terms of per- 
formance  parameters  such as wing  loading,  thrust  to  weight   ra t io ,  etc.  I f  
genera l  p r inc ip les  govern ing  opt imal  f l igh t  a re  to  be  obta ined ,  they  most natu- 
r a l l y  a r i s e  from an  ana ly t i ca l  i nd i r ec t  approach .  
Only plane motion of an  a i rc raf t  opera t ing  wi th in  the  a tmosphere  w i l l  be 
discussed.  Furthermore,  the ear th  will be  assumed t o ' b e  f l a t  w i t h  a cons tan t  
g r a v i t a t i o n a l  f o r c e .  The a i r c r a f t  w i l l  be cons idered  to  be a p a r t i c l e  o f  con- 
s t a n t  mass ope ra t ing  unde r  g rav i t a t iona l ,  t h rus t ,  l i f t ,  and drag  forces .  
The quan t i ty  to  be optimized w i l l  be assumed a s  e x p r e s s i b l e  i n  t h e  form 
G(X,Y,V,Y, t )  where 
x = coord ina te  in  ho r i zon ta l  d i r ec t ion  
y = c o o r d i n a t e  i n  v e r t i c a l  d i r e c t i o n  
v = ve loc i ty  o f  veh ic l e  
y = f l i gh t  pa th  ang le  
t = time 
The equa t ions  o fcons t r a in t  cons i s t  o f  Newton's second l a w  of motion and r e l a t e d  
kinematical  condi t ions plus  cer ta in  inequal i ty  constraints  which resul t  from 
d e s i g n  l i m i t a t i o n s  o f  t h e  a i r c r a f t  and l i m i t a t i o n s  t o  t h e  p o s s i b l e  f l i g h t  regime 
as d ic t a t ed  by the  laws mentioned on page 1. 
F l igh t  t r a j ec to r i e s  wh ich  sa t i s fy  the  necessa ry  op t imiz ing  cond i t ions  as 
set f o r t h  i n  t h e  n e x t  s e c t i o n  w i l l  be r e f e r r e d  t o  as o p t i m a l  t r a j e c t o r i e s .  
DWELOF'MENT OF OPTIMIZING  CONDITIONS 
Equations of Constraint  
The a n a l y s i s  of opt imal  a i rcraf t  performance will be confined 
c r a f t  assumed t o  o p e r a t e  i n  a plane under the forces shown on page 
t o   a n   a i r -  
3.  
2 
Where : 
T - t h r u s t .  It w i l l  be assumed t h a t  t h e  t h r u s t  f o r  t h e  v a r i o u s  t y p e s  o f  
a i r c ra f t  can  be  expres sed  as a func t ion  o f  ve loc i ty  and height only, with no 
con t ro l  poss ib l e .  
D = drag .  In  genera l  the  drag  force  is a func t ion  of height ,  ve loc i ty  
and l i f t .  I n  this  ana lys i s  t he  dependence  of  drag  on l i f t  w i l l  be omitted. 
L - l i f t .  L i f t  is i n  g e n e r a l  a func t ion  of he igh t ,  ve loc i ty  and l i f t  
c o e f f i c i e n t .  
mg = w e i g h t  o f  t h e  a i r c r a f t .  The mass o f  t h e  a i r c r a f t  w i l l  be  assumed 
cons tan t  . 
For a h igh  speed  a i r c ra f t  t he  l i f t ,  d rag ,  and t h r u s t  would be more properly 
expressed i n  terms of Mach number. However, f o r  s i m p l i f i c a t i o n  i n  o r d e r  to  make 
the comparison between high speed and low s p e e d  a i r c r a f t  more d i r e c t ,  t h e  atmos- 
phere w i l l  be  assumed t o  be  i so the rma l .  In  th i s  case l i f t ,  drag,  and  thrust  be- 
come velocity dependent for both high and low speed  f l i gh t .  
The q u a n t i t y  t o  be optimized as a resul t  of f l i g h t  w i l l  be assumed t o  be 
as e x p r e s s i b l e  i n  t h e  form 
G(X,Y,V,Y,t)  12 (2 1) 
The i n i t i a l  v a l u e s  o f  x,y,v,y, and t will a l l  be  assumed as f ixed .  The subsc r ip t  
2 r e f e r s  t o  f i n a l  v a l u e s .  For example a maximum range problem is given by G = x2. 
Let T(v,y) - D(v,y) = R(v,y), then the equat ions of  motion in  the tangent ia l  
and normal d i r e c t i o n s  may b e  w r i t t e n  as follows: 
& = R(y,v) - mg s i n y  , (2 .a 
mi = L(Y,v,%) - mg cosy , (2 *3) 
with the fol lowing kinematical  re la t ions between the var iables:  
These four  equat ions are written using the assumptions already l is ted,  and they 
3 
represent dynarnical bounds on the possible motion of the aircraft  as requi red  
by the  laws of physics.  They contain f ive dependent  var iables  x ,y ,v ,y ,  and CL 
so tha t  one  degree  of  f reedom remains  for  cont ro l .  In  th i s  case t h e  c o n t r o l  
v a r i a b l e  is CL, and the  four  state v a r i a b l e s  are x,y,v, and y. 
I f  t h e  a i r c r a f t  is t o  be flown in  an  a l lowab le  f a sh ion ,  add i t iona l  i n -  
equal i ty  condi t ions  must be included in the  s ta tement  of t h e  problem. 
In  o rde r  t o  de t e rmine  the  e f f ec t  o f  real is t ic  c o n s t r a i n t s  o f  t h i s  t y p e  
on  an  opt imal  t ra jec tory ,  the  cons t ra in ts  on  the  s ta te  v a r i a b l e s  w i l l  be given 
by the  fo l lowing  inequa l i t i e s  
Vstal l  I V I Vmax . (2 *7) 
The amount of l i f t  which can be generated i s  l imi ted  by the  inequa l i ty  cons t r a in t  
on  the  con t ro l  va r i ab le  CL, 
For the  purposes  of  ana lys i s ,  the  three  inequal i t ies  g iven  by Equations (2.6), 
(2.7), and (2.8) may be expressed  in  terms o f  e q u a l i t i e s  by the  method suggested 
by Hancock6. New rea l  va r i ab le s ,  E, By and r are  in t roduced  as follows: 
Y = s ,  (2.9) 
(2.10) 
(2.11) 
Since 2, E2, and r are always  positive,  Equations  (2.9),  (2.10),  and  (2.11) 
express  the same i n e q u a l i t i e s  as Equations (2.61, (2.71, and (2.8). 
A general problem i n  o p t i m a l  a i r c r a f t  performance for the assumed mathe- 
ma t i ca l  model a i r c r a f t  may be formulated as follows: 
Extremize the function 
s u b j e c t  t o  c o n s t r a i n t s  
= R/m - g s i n y  , (2.13) 
+ = L/mv - g cosy/v , (2.14) 
i = v cosy , (2.15) . 
y = v s i n y  , 
Y ' $ r  
(2.16) 
(2.17) 
4 
(2 .19)  
I n  o r d e r  t o  compare optimal performance between various aircraft ,  the above 
equat ions w i l l  be  put  into dimensionless  form. I f  a r e fe rence  ve loc i ty  is de- 
f ined  by t h e  v e l o c i t y  o f  a n  a i r c r a f t  i n  s t e a d y  l e v e l  f l i g h t  a t  CL = l and 
given by 
2 2 %  
u- (2 .20)  
vr POA 
where W1 = i n i t i a l  w e i g h t  of t h e  a i r c r a f t ,  
A = wing area of t h e  a i r c r a f t ,  
po = sea  l eve l  dens i ty ,  
then the following non-dimensional parameters may be defined: 
Non-dimensional v e l o c i t y  u = v/vr , 
I 1  range 5 = px/v$ , 
I 1  a l t i t u d e  = g(y-yl)/vr 2 , 
11 time 7 g t / v r  y 
(2 .21)  
(2 .22)  
(2 .23 )  
( 2 . 2 4 )  
I 1  l i f t  n = L/w1 , (2 .25 )  
11 T-D r - R/W1 . (2 .26 )  
I n  terms of these dimensionaless variables,  Equations (2 .12)  through (2.19) may 
be  wr i t t en  as follows: 
(2 .27 )  
(2 .28)  
y' =I n/u - cosy/u > (2 .29)  
5' = u cosy , (2 .30)  
q' = u s i n y  , (2 .31)  
(2 .32)  
(2 .33 )  
5 
The 
r ,  
f o r  
f o u r  s t a t e  v a r i a b l e s  E,P,u and y and the  four  cont ro l  var iab les  CL,a,p and 
a re  sub jec t  t o  seven equations of constraint ,  leaving one degree of freedom 
optimal  contro 1. 
Necessary Optimal Conditions 
I f  the  fo l lowing  func t ion  is defined: 
F = X ~ ( U  cosy - 6') + h ( u  s i n y  - q.1 + h ( r  - s i n y  - u t )  + I+" - Cosy - y ' )  
U U 
where f(u)  (Umax - u)(u - urnin) , 
then the necessary Euler-Lagrange optimizing conditions are given by 
i = 1,2,. ..,8 
Written out,  Equations (2.36) are 
5 :  h ; d ,  
(2.35) 
(2.36) 
(2.37) 
y : -htu  s iny + %u cosy - cosy + + * + h; = o , (2.40) 
U 
a :  2 a l Q = O  , (2.42) 
p : 2php = 0 , (2.43) 
r : 2 p r  P o .  (2.44) 
The above set o f  equa t ions  has  the  fo l lowing  f i r s t  i n t eg ra l  g iven  by 
i = 1,2, ..., 8 (2.45) 
6 
I 
(2.46) 
which may be w r i t t e n  as 
The end values of the state v a r i a b l e s  on the minimizing ar 
t r ansve r sa l i t y  cond i t ion  
c must s 
[ Bdr + dG + dyi 1' P 0 
a y i  
i = 1,2,. . .;8 
and f o r  t h e  problem as formulated this  condi t ion takes  the form 
t r a n s  : [ B ~ T  + dG - hEde - h d q  - h d u  - $ d y I 2  = 0 . 
(2.46a) 
a t i s f y  t h e  
(2.47) 
(2.47a) 
Often an extrema1 curve i s  composed of more than one arc, forming a cusp, and/or 
i s  p a r t i a l l y  composed of boundary curves result ing from c o n s t r a i n t s  on the state 
and c o n t r o l  v a r i a b l e s .  The fol lowing corner  condi t ion must  be s a t i s f i e d  a t  
boundary po in t s  o r  a t  po in t s  of d iscont inui ty :  
i = 1,2, ..., 8 (2.48) 
+ 
o r  [ BdT + dG - hgdk - dn - h d u  - hydy ] = 0 . (2.49) - 
Along a minimizing arc, the fol lowing Weiers t rass  funct ion must be everywhere 
grea te r  than  or  equal  to  zero .  
(2.50) 
where "no" r e f e r s  to  the funct ion evaluated for  non-opt imal  but  permissible  
con t ro l .  The subsc r ip t  o r e fe r s  t o  op t ima l  con t ro l .  Fo r  the  problem as formu- 
l a t e d  F = 0 so t h a t  t h e  above condition takes the  form 
which is  equiva len t  to  r equ i r ing  tha t  t he  func t ion  
take  on a minimum w i t h   r e s p e c t   t o   a p t i m a l   c o n t r o l .  
The r Equation (2.44) can be s a t i s f i e d  by e i t h e r  f - 0 or Ara 0 . If r = 0 then it follows from Equation (2.34) t h a t  the l i f t  program is given by 
e i t h e r  CL = C b  o r  CL = C b F n  . I f  X r =  0 t h e n  t h e  f l i g h t  program c o n s i s t s  
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Of i n t e r m e d i a t e  l i f t  c o e f f i c i e n t s .  Note t h a t  i n  t h i s  case the  cL Equation 
(2.41) reduces t o  
(2.53) 
which implies  that  $ = 0. I f  $ - 0 then the normal equation of motion (2.29) 
becomes uncoupled from the other  equat ions of  constraint ,  and therefore  the 
f l i g h t  p a t h  a n g l e ,  i n s t e a d  o f  t h e  l i f t  c o e f f i c i e n t  may be considered as the  con- 
t ro  1 va r i ab le .  
The f3 Equation (2.43) can be satisfied by e i t h e r  f3 = 0 or hp = 0. I f  
p = 0 i t  follows from Equation (2.33) that the velocity program 1 s  given by 
e i t h e r  u = u r n   o r  u =I urnin. I f  AB = 0 t h e n  t h e  f l i g h t  program c o n s i s t s  of 
i n t e rmed ia t e   ve loc i t i e s .  
S i m i l a r l y  t h e  a l t i t u d e  program cons i s t s  of i n t e r m e d i a t e  a l t i t u d e s  o r  i s  
2 given by n e -  Ylg/vr * 
An op t ima l  t r a j ec to ry  may be comprised of s ix  types  of  arcs: 
(i) arcs of in t e rmed ia t e   ve loc i ty ,   a l t i t ude ,  and l i f t  c o e f f i c i e n t s  
(ii) m a x i m u m  l i f t  c o e f f i c i e n t  arcs 
(iii) minimum l i f t   c o e f f i c i e n t   a r c s  
( iv)  maximum v e l o c i t y  arcs 
(v) minimum v e l o c i t y   a r c s  
(v i )  minimum a l t i t u d e   a r c s  
The o r d e r  i n  which these  arcs are jo ined  to  form an  op t ima l  t r a j ec to ry  is de- 
termined by us ing  the  Weierstrass condi t ion  and the corner  condi t ions.  
Unbounded Solu t ions  
In  genera l  an  optimum t r a j e c t o r y  is composed of arcs where t h e  v a r i a b l e s  
take on va lues  in s ide  the i r  r eg ion  of d e f i n i t i o n  (i.e., a r c s  i) plus  a rcs  a long  
the  boundaries  of  the  regions of d e f i n i t i o n  ( a r c s  ii - v i ) .  However, f o r  com- 
parison purposes it is o f  i n t e r e s t  t o  i n v e s t i g a t e  f i r s t  o p t i m a l  maneuvers which 
are unbounded. The unbounded t r a j e c t o r y  w i l l  provide an upper o r  lower l i m i t  
to  the  so lu t ion  of  bounded o p t i m a l  t r a j e c t o r i e s ,  and the unbounded s o l u t i o n  may 
a l so  g ive  cons iderable  ins ight  in to  the  form of a bounded so lu t ion .  
By s e t t i n g  
& - J = h p - A r = h y = O ,  (2.54) 
the  opt imiz ing  equat ions  for  unbounded f l i g h t  which minimize G ( ~ , ~ , U , T )  l2 are 
obtained and are summarized below. 
5 : he = cons tan t  , (2.55) 
9 : A, 8439 + q = o , (2.56) 
(2.57) 
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y : -he u s i n y  + u cosy - A,, cosy = 0 , 
1st : he u cosy + u siny + X ,  (r-siny) - B , 
Trans: (Bd7 + dG - he dg - h dn - h d u )  l2 - 0 , 
Corner: (Bd-c + dG - hEde a $ dn - h d u )  I* = 0 , 
Weierstrass: hekA0 + hnAo + )yuA0 2 hgB6 + h+ + A& . 
Equation (2.62) i s  equiva len t  to  r equ i r ing  tha t  t he  func t ion  
(2.58) 
(2.59) 
(2.60) 
(2.61) 
(2.62) 
and 
(2.64) 
(2.65) 
The f i r s t  c o n d i t i o n  i s  iden t i ca l ly  sa t i s f i ed  a long  an  op t ima l  t r a j ec to ry  
by Equation (2.58). 
The second condition may be w r i t t e n  as 
-hEu  cosy - u s i n y  + X ,  s i n y  ,> 0 . 
If t h e  y Equation (2.58) is so lved  for  $ t o  g i v e  
Aq = h , / u  + he tany , 
and subs t i t u t ed  in to  Equa t ion  (2.66), i t  reduces to  
(2.66) 
(2.67) 
-hEu  secy 2 0 . (2.68) 
Thus secy must maintain a s ign  oppos i te  to  the  cons tan t  A( throughout the 
t r a j e c t o r y .  
I f  equa l i ty  can  occur  in  Equa t ion  (2.68) then the minimizing arc may have 
a corner  a t  such a poin t .  Thus i f  h~ f 0 the  so lu t ion  will have no corners .  
Solv ing  for  the  cont ro l  var iab le  from the  y Equation (2.58) g ives  
9 
and introducing the 1st in tegra l  Equat ion  ( 2 . 5 9 )  
expression: 
r e s u l t s  i n  t h e  f o l l o w i n g  
(2.71) 
Subs t i tu t ing  Equat ion  ( 2 . 6 7 )  i n t o  the  1st in tegra l  Equat ion  ( 2 . 5 9 )  gives  
rh, = (B - Xgu secy) . ( 2 . 7 2 )  
I f  r = 0 then  u secy  = B/X , a constant  which represents  an opt imal  con- 
d i t i o n  f o r  a n  a i r c r a f t  i f  thrusi?! equals  drag,  or  when T = D = 0 . This latter 
case corresponds to  the well-known brachistochrone problem. 
If he = 0 and r # 0 then Equations ( 2 . 7 1 )  and ( 2 . 7 2 )  may be  combined t o  
give 
U a(ru) a( ru)  an aU ( 2 . 7 3 )  
The condi t ion  X! = 0 is required by t h e  t r a n s v e r s a l i t y  c o n d i t i o n  i f  no f i n a l  
r e s t r i c t i o n  i s  unposed  on 5. . With AS - 0 t h e  a d d i t i o n a l  s o l u t i o n  c o s y  = 0 is  
obtained from  Equation ( 2 . 5 8 ) .  Since i n  t h i s  case a corner  may e x i s t  i n  t h e  
solut ion both cosy = 0 and Equation ( 2 . 7 3 )  are usually needed for a s o l u t i o n  6 . 
If r # 0 and hE # 0 then Equation (2.72) may be so lved  for  X, and subs t i -  
tuted into Equat ion ( 2 . 7 1 )  and rearranged to  give 
( 2 . 7 4 )  
I f  t h e  f u n c t i o n  G does  no t  exp l i c i t l y  con ta in  time and i f  t h e  f i n a l  time 
is  unres t r i c t ed  then  from the transversali ty condition Equation (2.60),  B = 0 
and Equation ( 2 . 7 4 )  reduces  to  
( 2 . 7 5 )  
The solut ion of  the opt imizing Equat ion ( 2 . 7 5 )  i n  c o n j u n c t i o n  w i t h  t h e  con- 
s t ra in t  Equat ions  ( 2 . 2 8 ) ,  ( 2 . 3 0 ) ,  and (2.31) form a one parameter family of 
curves  with y1 as the parameter.  The value of y1 used for  a par t icu lar  pro-  
blem w i l l  depend upon both G and the  end conditions. 
I f  t he  func t ion  G = T then from the transversali ty condition Equation 
(2.60), B = -1 and Equation ( 2 . 7 4 )  may be w r i t t e n  as 
( 2 . 7 6 )  
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Since cosy must maintain a cons t an t  s ign  th roughou t  t he  t r a j ec to ry ,  i f  
e n d p o i n t s  i n  t h e  c,rl plane are c h o s e n  t o  t h e  r i g h t  o f  t h e  i n i t i a l  p o i n t  
then it follows from Equations (2.68) that A t  i s  negat ive.  
The solut ion of  the opt imizing Equat ion (2.76) in  con junc t ion  wi th  
the  cons t ra in t  Equat ions  (2.28), (2.30), and  (2.31)  form a two parameter 
family of curves  w i th  y1 and As as the parameters. The choice of yl, and 
A depend  upon t h e  r e s t r i c t i o n s  imposed on the end conditions.  c 
Since Xe is  a constant ,  cosy is  required by Equation (2.68) t o  remain 
posi t ive throughout  an opt imal t ra jectory.  
Performance Character is t ics  
The optimizing Equation (2.76)’ i s  a function of the performance charac- 
terist ics of a pa r t i cu la r  a i r c ra f t  i n t roduced  th rough  the  quan t i ty  
r = -  T-D w -  
Thus r must be expressed  func t iona l ly  before  a so lu t ion  can  
The d rag  to  we igh t  r a t io  may be expressed in terms of a 
e n t  as 
D pv*C+ 
- 3  w 2w ’ 
be obtained.  
drag  coef f i c i -  
(2.77) 
where i n  g e n e r a l  CD is a func t ion  o f  e i the r  t he  Reynolds number o r  Mach 
number, depending  on  the  f l ight  regime.  Density  variations u t o  50,000 
f t .  can be accurately approximated by the expression p = poe -$Y where 
f3 = 1/30,100. I n  terms of  non-dimensional  parameters  Equation  (2.77) re- 
duces t o  
D/W a CD U 2 (2.78) 
where 
(2.79) 
The r e l a t i o n s h i p  f o r  t h e  t h r u s t  t o  i n i t i a l  w e i g h t  ra t io  f o r  a n  a i r c r a f t  
depends upon the  power p l an t .  An approximate expression for  the thrust  to  
w e i g h t  r a t i o  f o r  v a r i o u s  a i r c r a f t  c a n  be obtained from simple momentum con- 
s i d e r a t i o n  and are sutanarized in  the  fo l lowing  t ab le :  
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TABLE 1 
Power P lan t  Rela t ions  
Power Plant  TM1  Assumptions  and Comments 
Rocket 
Ramjet T/W1 = Kou2 
Turbo ject T/Wl = Ka 
Piston  engine 
or   tu rboprop  T D 1  = < 1 
Exit pressure  is assumed t o  be 
ambient  and exi t  veloci ty  i s  
assumed constant .  
Exhaust  veloci ty  i s  assumed t o  
be proport ional  to  t h e  f r e e  
stream ve loc i ty .  
The change in  ve loc i ty  through 
the engine i s  assumed to  de- 
c r e a s e  a s  t h e  f r e e  s t r e a m  
ve loc i ty  inc reases .  
The v e l o c i t y  change across the 
p rope l lo r  i s  assumed t o  be 
zero.  For high  speed  f l ight  
aUo may be set equal  to  zero .  
. 4P 
where (2u + aUo) 'Au0 = 3 
PoApmr 
where K = Constant 
P = power i n p u t  t o  t h e  a i r  (P = power a v a i l a b l e  x p rope l l e r  e f f i c i ency)  
aUo = change in  ve loc i ty  ups t ream and downstream of the propeller 
Ap = area  of  the  propel le r  
It i s  apparent  f rom the relat ions of  Table  1 and Equation (2.77) t h a t ,  
excep t  fo r  a p i s t o n  e n g i n e  a i r c r a f t  a t  low speeds ,  the  express ions  for  th rus t  
and drag are quite well-behavedfunctions of alt i tude and velocity (assuming 
t h a t  t h e  d r a g  c o e f f i c i e n t  i s  constant) .  However, even these simplified equa- 
t i o n s  when subst i tuted into the opt imizing Equat ion (2.76)  yield a complicated 
non- l inear  equat ion  to  be solved in  conjunct ion with the non-l inear  equat ions 
of  constraint .  Since general  shapes and t rends associated with an opt imizat ion 
problem a r e  of interest ,  further approximations and assumptions may be made to  
s impl i fy  the  ana lys i s  bu t  s t i l l  r e t a in  the  na tu re  o f  t he  e f f ec t s  o f  aerodynamic, 
t h rus t ,  and g rav i ty  fo rces  on  the  t ra jec tory .  
The t h r u s t  and d r a g  v a r i a t i o n s  w i t h  a l t i t u d e  are small i f  t h e  optimum 
t r a j e c t o r y  l ies wi th in  a sma l l  he igh t  va r i a t ion ,  and i n  t h i s  case the  dens i ty  
may be considered constant  by s e t t i n g  u = 1. This assumption w i l l  be used 
e v e n  f o r  l a r g e  h e i g h t  v a r i a t i o n s  i n  o r d e r  t o  s i m p l i f y  t h e  a n a l y s i s  and o b t a i n  
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a f i r s t  approximation to an optimal solution. Note that wi th  (T - 1 t h e  t h r u s t  
expressions for  the rocket  and t u r b o j e t  a i r c r a f t  are i d e n t i c a l  and the expres- 
s i o n  f o r  1: becomes 
r - K - cDu2 . (2.80) 
The d i f f e rence  between high and low performance aircraft  may be approximated 
by a d j u s t i n g  t h e  t h r u s t  t o  i n i t i a l  w e i g h t  r a t i o s  b e t w e e n  h i g h  and low values .  
Minimum Time Solu t ions  
I f  t h e  f i n a l  r a n g e  is specif ied,  then the opt imizing condi t ion for  a mini- 
r m m  time so lu t ion  i s  given by Equation (2.76). If the end conditions on rl and 
u are e i t h e r  l e f t  f r e e  o r  s p e c i f i e d  t h e n  u s i n g  t h e  t r a n s v e r s a l i t y  c o n d i t i o n  
and Equations (2.67) and (2.72) the Lagrange multiplied hE can be expressed i n  
terms o f  end condi t ions as l i s t e d  below: 
TABLE 2 
Endpoint Conditions and Corresponding Ae 
Ranee, E Al t i tude ,  rl V e  l o c i  t y  , u X€ 
1. Fixed Free 
2. Fixed  Free 
Fixed 
Free 
3.  Fixed  Fixed  Free 
XE = constant  such that  
tany2 = 0 
4 .  Fixed  Fixed  Fixed he - constant   such  that  
u2 E Ufixed 
The form of a minimum time so lu t ion  i s  independent of whichever case is chosen 
and only case 3 w i l l  be c o n s i d e r e d  i n  d e t a i l  i n  t h i s  p a p e r .  The optimizing 
cond i t ion  fo r  a minimum time, f ixed coordinate  endpoint  t ra jectory with the 
f i n a l  v e l o c i t y  free, operat ing  in  a uni form gravi ta t iona l  f ie ld  wi th  tangent ia l  
forces  given by Equation (2.80) is determined from Equation (2.76) which reduces 
t o  
where 
(2.82) 
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Equation (2.81) i s  to be solved in  conjunct ion with the equat ions of cons t r a in t .  
u' - K - cPu2 - s i n y  , (2.83) 
5 '  - u cosy , (2 0 % )  
q' - u s i n y  . (2.85) 
METHOD OF SOWTION AND RESULTS 
The Brachistochrone Problem 
Equations  (2.81),  (2.82),  (2.83),  and  (2.84) are f o u r  f i r s t  o r d e r  n o n - l i n e a r  
d i f f e r e n t i a l  e q u a t i o n s  i n  t h e  f o u r  v a r i a b l e s  y , u , s ,  and q. Four constants  of  
in tegra t ion  and  a v a l u e  f o r  A are needed in  order  to  comple te ly  de te rmine  a 
solut ion.  For  a performance : ype of problem, three  of  the cons tan ts  of i n t eg ra -  
t i o n  are t h e  known i n i t i a l  c o n d i t i o n s  o n  t h e  state v a r i a b l e s  5 ,  q, and u.  The 
four th  cons tan t  of i n t e g r a t i o n  y 1  is unknown and must be determined by us ing  a 
t r ia l  and er ror  procedure .  In  order  to  so lve  the  two po in t  minimum time problem, 
it is necessa ry  to  no t  on ly  guess  the  in i t i a l  va lue  fo r  the f l i gh t  pa th  ang le  
y1, but  to  guess  a v a l u e  f o r  h as well and a d j u s t  them u n t i l  a t r a j ec to ry  passes  
through  the  desired  endpoint  w 5. th   the  proper   condi t ions  associated  with  the  value 
o f  As f o r  t h a t  t r a j e c t o r y .  In o r d e r  t o  o b t a i n  some i n s i g h t  as t o  t h e  e f f e c t  of 
y1 and As on a so lu t ion ,  the above problem may be  reduced  to  the  fami l ia r  
Brachistochrone problem by s e t t i n g  t h r u s t  and drag equal to  zero. With r - 0 
the opt imizing condi t ion is obtained from Equations (2.71) and (2.72) which may 
be  combined t o  g i v e  
Y' * 
cosy 
U 
Equations  (2.83),  (2.84),  and  (2.85) become 
5 '  = u cosy , (3  -3) 
q' = u s i n y  . (3 04) 
Although As has been eliminated from the equat ions,  y1 is s t i l l  a func t ion  of 
the  endpoint  locat ion,  and  Equations (3.1), (3.2), (3.3), and (3.4) are s t i l l  t o  
be solved by t r ia l  and error methods. The i n i t i a l  f l i g h t  p a t h  a n g l e  y1  may be 
ad jus ted  by t r i a l  and error, and the  equa t ions  in t eg ra t ed  un t i l  t he  op t ima l  
t ra jectory curve goes through the specif ied endpoint .  This procedure is r e a d i l y  
adaptable to analog computer methods. The d i f f i c u l t i e s  which arise by using 
t r ia l  and e r ro r  t echn iques  to  so lve  boundary value problems are e a s i l y  v i s u a l i z e d  
from the  r e su l t s  o f  ana log  computer so lu t ions .  
Figure 1, f o r  example, i l lustrates how the  so lu t ion  to  the  brachis tochrone  
problem  from  Equations (3.1), (3.2), (3.3), and ( 3 . 4 )  is a f f ec t ed  by varying 
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i n i t i a l  f l i g h t  p a t h  a n g l e  yl.  Although t h e  c u r v e s  i n  F i g u r e  1 rep resen t  t he  
optimum trajectories f o r  e a c h  i n i t i a l  f l i g h t  p a t h  a n g l e ,  t h e y  a l s o  have the  
unique  proper ty  of  brachis tochronic  curves  in  tha t  they  represent  the  loc i  of 
opt imal  endpoints .  In  other  words,  for  a g iven  in i t i a l  ang le ,  t he  op t ima l  
t r a j ec to ry  r ep resen t s  t he  locus  o f  a l l  possible endpoints that  can be reached 
i n   a n   o p t i m a l   f a s h i o n   s t a r t i n g   w i t h   t h a t   i n i t i a l   a n g l e .  
Because of energy considerations, it i s  c l e a r  t h a t  no t r a j e c t o r y  and hence 
no optimal endpoint can l i e  above t h e  l i n e  
u1  
%lax 2 a- 
The r eg ion  above  th i s  l i ne  i s  therefore  ca l led  an  una t ta inable  or  " forb idden"  
region.  A l l  po in ts  below t h i s  l i n e  may be reached in  an  op t ima l  f a sh ion  where 
t h e  t r a j e c t o r i e s  are a func t ion  of t h e  i n i t i a l  f l i g h t  p a t h  a n g l e .  
For the purpose of d i scuss ion ,  t h ree  r eg ions  a re  ind ica t ed  in  F igu re  1. 
I n  t h e  f i r s t  r e g i o n ,  it is necessa ry  to  va ry  the  in i t i a l  f l i gh t  pa th  ang le ,  yl, 
throughout i t s  e n t i r e  r a n g e  from -90° t o  + 90° i n  o r d e r  to cove r  the  en t i r e  
area wi th  op t ima l  t r a j ec to r i e s .  In  r eg ion  11, however, t h e  e n t i r e  area can be 
covered by varying y1 between -90° and +60°. Fina l ly ,  i n  r eg ion  111, which in- 
c ludes  the  en t i r e  r ema in ing  po r t ion  o f  t he  p l ane ,  i n i t i a l  f l i gh t  pa th  ang le s  
need only be varied from -900 t o  -4S0. Since  f ewer  in i t i a l  ang le s  are needed 
to  cove r  g rea t e r  areas, as ind ica t ed  above, t he  so lu t ion  becomes more s e n s i t i v e  
t o  t h i s  i n i t i a l  c o n d i t i o n  as the  d i s t ance  from the or igin increases .  A s  a re- 
s u l t ,  i n  o r d e r  t o  r e a c h  a n  e n d p o i n t  t h a t  is a t  a considerable  dis tance from the 
o r i g i n ,  t h e  i n i t i a l  v a l u e s  o f  t h e  f l i g h t  p a t h  a n g l e ,  y1, rmst be s p e c i f i e d  t o  
a l a rge  number o f  s ign i f i can t  f i gu res .  I f  an  endpo in t  is t o  be reached within 
ce r t a in  p re sc r ibed  to l e rances ,  t hen  endpo in t s  a t  r e l a t i v e l y  l a r g e  d i s t a n c e s  w i l l  
r equi re  grea te r  accuracy  than  an  ana log  computer or  even a d i g i t a l  computer can 
supply 
Thus f o r  t r a j e c t o r i e s  of  short  length,  an analog computer  solut ion to  the 
fixed endpoint brachistochrone problem can be obtained by making t r i a l  and e r r o r  
a d j u s t m e n t s  t o  t h e  i n i t i a l  f l i g h t  p a t h  a n g l e  u n t i l  a t ra jec tory  passes  through 
the selected endpoint .  Although this  i terat ive procedure cannot  be successfu l ly  
used for problems with long  t r a j ec to r i e s ,  t he  form of the  so lu t ion  can  s t i l l  be 
obtained by observ ing  the  resu l t s  of  vary ing  y1, through a f i n i t e  number of 
values  of y 1  as is  shown in  F igu re  1. For any given endpoint, an approximate 
va lue  fo r  y can be determined, and the shape of the  ac tua l  t r a j ec to ry  can  be 
approximatea by v i s u a l  i n t e r p o l a t i o n .  
With the brachis tochrone problem as a model, i t  i s  easier to  cons ide r  t he  
more general  f ixed endpoint  minimum time problem which includes the effects  of  
t h r u s t  and  drag. I n  t h i s  case, the opt imizing equat ion is given by Equation 
(2.81),  and the equat ions of c o n s t r a i n t  a r e  g i v e n  by Equations (2.83), (2.84), 
and  (2.85). It is e v i d e n t  t h a t  i n  a d d i t i o n  t o  t h e  d i f f i c u l t i e s  e n c o u n t e r e d  w i t h  
choosing yl, as mentioned i n  t h e  case of  the brachis tochrone problem, the re  w i l l  
be  fu r the r  d i f f i cu l t i e s  a s soc ia t ed  wi th  the  cho ice  o f  t he  cons t an t  L E .  The 
process of i t e r a t i n g  w i t h  y 1  and LE i n  o r d e r  t o  de te rmine  an  opt imal  t ra jec tory  
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which goes through a given endpoint can become a near ly  imposr ib le  task  for  
t ra jec tor ies  of  cons iderable  length .  As a re su l t ,  i n s t ead  o f  so lv ing  the  two 
point boundary value problem as such, the optimizing equations are in tegra ted  
i n  a manner similar to tha t  descr ibed  for  the  brachis tochrone  problem.  For 
e a c h  i n i t i a l  f l i g h t  p a t h  a n g l e ,  a range of values  for  the  cons tan t  X6 are 
chosen, and a set of t r a j e c t o r y  cuwes generated. The value of is moni- 
tored (Equation 2.82), and when it reaches the assigned value of -AS, t h e  tra- 
j ec to ry  is t e r m i n a t e d .  I n  t h i s  manner, the complete region of space in which 
so lu t ions  are possible  can be determined, and a manifold of op t ima l  t r a j ec to r i e s  
i s  generated. 
Time Optimal   Trajector ies   with  Constant   Thrust  
The brachistochrone problem represents an aircraft  performing under the 
inf luence of gravi ty  a lone.  If t h r u s t  is included, the problem becomes  con- 
s iderably  more d i f f i c u l t  due to  the  fact tha t  t he  cons t an t  hg e n t e r s  i n t o  t h e  
problem. The opt imiz ing  equat ion  for  an  a i rc raf t  opera t ing  under  thrus t  and  
gravi ty  forces  only ,  can  be determined from Equation (2.81) by s e t t i n g  CD = 0 .  
The optimizing equation becomes 
f \ 
y' P - cosy px] 
U 
(3.5) 
and the  ve loc i ty  equat ion  becomes 
u' .I K - s i n y  . (3 6) 
The kinematic relations,  Equations (3.3) and ( 3 . 4 ) ,  remain the same. 
Using the method outlined above for the general  case, op t ima l  t r a j ec to r i e s  
generated for the thrust-only case are shown i n  F igu res  2 and 3.  For  each 
i n i t i a l  a n g l e ,  a range of h Is are se lec ted ,  and the  corresponding t ra jector ies  
a re  p lo t t ed .  A t  the  same &me a second set of p l o t s  of a "cut  off" parameter, 
i s  made (Figure 3). When the "cut off" parameter equals unity,  the condition 
COSY2 
-AS" 
u2 
is  s a t i s f i e d  and the  in t eg ra t ion  is terminated. If -AS is picked such that 
- x p  - COSY 1 
u1 
Y 
then the "cut off' parameter never approaches unity as shown in  F igure  3. Thus 
-X is l imited t o  v a l u e s  v i t h i n  a c e r t a i n  r e s t r i c t e d  r a n g e .  S p e c i f i c a l l y ,  -At 
mast vary between - and cero. 5 cosy1 
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The locus of  opt imal  endpoints  that  can be reached by varying h through- 
o u t  i t s  permissible  range for  a g i v e n   i n i t i a l   f l i g h t   p a t h   a n g l e  i s  s li own i n  
Figure 2. Unlike the brachistochrone problem, the locus of optimal endpoints 
does not  coincide with the opt imal  t ra jector ies .  Also,  the locus of  opt imal  
endpo in t s  fo r ,  each  in i t i a l  ang le  fo rms  a c losed  loop .  In  addi t ion  a l l  the loops 
are very near ly  tangent  to each  o ther  a t  the upper point where they meet t h e  q 
axis  forming  bounding  region of space ,  in  which  opt imal  so lu t ion  ex is t .  This  
s i t u a t i o n  is similar to the brachistochrone problem, but unlike the brachisto- 
chrone  problem,  the  a i rc raf t  s imula ted  in  th i s  th rus t -only  case can reach points  
ou ts ide  the  bounded region.  
The endpoints a t  a considerable  dis tance from the or igin are not only i n -  
c r e a s i n g l y  s e n s i t i v e  t o  t h e  i n i t i a l  f l i g h t  p a t h  a n g l e  y1, bu t  a l so  to  the  con-  
s t a n t  he. This i s  e a s i l y  s e e n  by comparing t h e  areas between the loops a t  
var ious  d is tances  f rom the  or ig in ,  reca l l ing  the  range  l imi ta t ions  on  Le, and 
not ing  the  lengths  of  the  loops  in  F igure  2. For  example, t he  area i n  which 
endpoints are obtained s tar t ing with y1 between -60° and -7OO is more than twice 
as la rge  as the  area i n  which endpoints are obtained s tar t ing with y1 between 
"90' and -6OO. A l l  the  poin ts  on  the  re la t ive ly  shor t  Oo locus can be reached 
by varying -LE between 0 and 0.5. Whereas a l l  the points  on the much longer 70° 
locus are reached by varying -AS between a smaller range of 0 t o  0.171. 
S ince  the  sens i t i v i ty  o f  any g iven  t ra jec tory  endpoin t  to  the  two cons tan ts  
y1 and h great ly  increases  with the dis tance from the or igin,  the two po in t  
boundary  value  problem, as such, is v i r tua l ly  imposs ib le  to  so lve  for  long  tra- 
j e c t o r i e s .  However i n  a manner analogous to the brachistochrone problem an 
approximation of the shape of t h e  t r a j e c t o r y  as w e l l  as i n i t i a l  f l i g h t  p a t h  
angle and LE can be made from Figure 2. 
5 
The l i f t  c o e f f i c i e n t s  (CL) r equ i r ed  to  f ly  a couple  of  typ ica l  t ra jec tor ies  
for  the  thrus t -only  case are shown in  F igu re  4 .  It can be seen  tha t  t he  r ange  
of l i f t  c o e f f i c i e n t  r e q u i r e m e n t s  f o r  t h i s  case l ies wi th in  the  capab i l i t i e s  o f  
most a i r c r a f t .  
Time Opt ima l  T ra j ec to r i e s  
The opt imizing equat ion for  a g l ider  type  of  
Equation  (2.81) by s e t t i n g  K = 0. The optimizing 
wi th  Drag 
a i r c ra f t  can  be  ob ta ined  from 
e q u a t i o n  i n  t h i s  case becomes 
with the veloci ty  equat ion given by 
The kinematic relations,  Equations ( 3 . 3 )  and ( 3 . 4 ) ,  remain the same. 
Solut ions to  the drag-only case from  Equations ( 3 . 7 ) ,  ( 3 . 8 ) ,  ( 3 . 3 ) ,  and 
( 3 . 4 )  are ob ta ined  in  the  same manner as for  the  thrus t -only  case and typical  
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t r a j e c t o r i e s  and the i r  a s soc ia t ed  cu t  o f f  pa rame te r s  are shown in  F igu res  5 and 
6 .  The l o c i  o f  o p t i m a l  e n d p o i n t s  f o r  e a c h  i n i t i a l  f l i g h t  p a t h  a n g l e  o b t a i n e d  
by varying the constant  At are shown i n  F i g u r e  5 .  
A s  in  the  brachis tochrone  problem and  for  the  same energy consideration, 
t he re  i s  a region of unattainable points and hence a "forbidden" region i n  
which there are no possible endpoints.  Unlike the thrust-only case, t h e  l o c i  
are not closed loops but a manifold of similarly shaped curves which extend to 
i n f i n i t y .  The fur ther  an  endpoin t  is from the origin along any given locus of 
endpoints ,  the smaller w i l l  be the  va lue  of  he for  the corresponding optimum 
t r a j e c t o r y .  I n  t h e  l i m i t  the  va lue  of  h asymptotically  approaches a f ixed  
value which is dependent  upon the ini t ia  r cond i t ions .  I f  A is se l ec t ed  below 
th is  va lue ,  the  cu t -of f  parameter  w i l l  not approach unity ( B igure  6). The tra- 
j e c t o r y  i n  t h i s  case is a diving one. Furthermore, the value of A t  cannot be 
chosen greater  than COSY1 
u1 
- -  
Y 
and  have  the  cut-lff criteria sa t i s f i ed .  F igu re  7 indicates the approximate 
range through which As is a l lowed to  vary  for  a g i v e n  i n i t i a l  a n g l e .  It is  
evident  from Figure 7 t h a t  t h e  s e n s i t i v i t y  o f  a s o l u t i o n  t o  A5 is increased 
f o r  t h e  lower i n i t i a l  f l i g h t  p a t h  a n g l e s .  A t  considerable  dis tances  from the  
o r i g i n  a l l  so lu t ions  are ex t remely  sens i t ive  to  he due to  the  asymptot ic  na- 
tu re  of  AE. 
Again  the  sens i t iv i ty  of the  so lu t ion  to  bo th  y1 and A v i r tua l ly  p reven t s  
the  two point boundary value problem from being solved by i E e ra t ion .  However, 
approximate  t ra jec tor ies  can  be obtained from Figure 5 .  
A l l  o f  t h e  l o c i  i n  F i g u r e  5 become s t r a i g h t  l i n e s  a t  some distance from 
the  o r ig in .  Long f l i g h t  t r a j e c t o r i e s  a l s o  have a l i n e a r  p o r t i o n  t o  them a t  
approximately  the same s lope  as the i r  cor responding  loc i .  Along t h e  f l a t t e n e d  
po r t ion  o f  t he  t r a j ec to ry ,  t he  f l i gh t  pa th  ang le  and ve loc i ty  a re  nea r ly  con- 
s t a n t .  Hence t h e  a i r c r a f t  may be considered to be f l y i n g  i n  a quasi-steady 
manner. A s  the   l ength   o f   the   t ra jec tory   increases ,   the   quas i - s teady   por t ion  
increases ,  and t h e  t r a j e c t o r y  becomes a shor t  d ive  a t  the beginning, a s h o r t  
climb a t  the  end with the middle portion flown a t  a cons tan t  f l igh t  pa th  angle .  
A p l o t  o f  t h e  f i n a l  l o c u s  a n g l e  t o  t h e  i n i t i a l  f l i g h t  p a t h  a n g l e  is g iven  in  
Figure 13. 
The l i f t  c o e f f i c i e n t  CL necessary  to  f ly  a few t y p i c a l  t r a j e c t o r i e s  f o r  
the drag only case are shown i n  Figure 8 .  It can be seen that  during the ear ly  
p a r t  of  the t ra jectory,  the range of r e q u i r e d  l i f t  c o e f f i c i e n t s  is wi th in  the  
c a p a b i l i t i e s  of  most a i r c r a f t .  During the short  climb a t  t h e  end of the optimal 
t r a j e c t o r i e s ,  t h e  l i f t  c o e f f i c i e n t  h a s  a tendency to increase appreciably due 
to  the  rap id  loss  of  ve loc i ty .  
Time Opt ima l  Trajector ies  with Thrust  and Drag 
The opt imizat ion equat ion for  the general  case o f  an  a i r c ra f t  w i th  th rus t  
and drag i s  given by Equation (2.81) with the equation of motion and kinematical 
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cons t ra in t   equa t ions   g iven  by Equations (2.83),  (2.84),  and  (2.85). Solut ions 
to  these  equat ions  are ob ta ined  in  a manner similar t o  tha t  for  the  drag-only  
case as shown i n  F i g u r e s  9 and  10. However, the solut ion procedure is somewhat 
complicated by t h e  f a c t  t h a t  a t  ce r t a in  po in t s  a long  some o f  t h e  t r a j e c t o r i e s  
t h r u s t  and drag are equal .  A t  these  poin ts  
cosy 
"-1. 
AEu 
This condition had previously been used as t h e  c r i t e r i o n  f o r  c u t  o f f .  I n  t h i s  
case, however, the  t ransversa l i ty  condi t ion  requi rement  X, = 0 i s  n o t  s a t i s f i e d .  
When e i t h e r  &2 = 0 o r  r = 0 is subs t i tu ted  in to  Equat ion  q2.72) 
rh, = (B - Agu secy) (3 9 )  
a long  wi th  the  time opt imal  condi t ion B = -1, the  condi t ion  
he rr-co8y (3.10) 
U 
i s  obtained. Thus the  proper   cut-off   condi t ion  occurs  when - is e q u a l   t o  
un i ty  and r # 0. Asu 
Some computa t iona l  d i f f i cu l t i e s  are encountered with the optimizing equation 
(3.11) 
as r approaches zero. However, y' does  not become i n f i n i t e  as r approaches zero 
as can be seen i f  X i s  eliminated from Equation (3.11) by using Equation (3.9) 5 
* wi th  B = -1, 
Y' = 
U I 2cDu2hu 1 + rh, + 
and taking the limit as r -e 0 which gives 
(3.12) 
(3.13) 
Both ana log  and  d ig i ta l  computer  resu l t s  us ing  Equat ion  (3.11) are u n r e l i a b l e  i f  
r approaches or passes through zero.  This difficulty can often be avoided on 
t h e  d i g i t a l  computer i f   t h e  time increments i n  t h e  v i c i n i t y  o f  r - 0 are taken 
large.  
The loci of o p t i m a l  e n d p o i n t s  f o r  v a r i o u s  i n i t i a l  f l i g h t  p a t h  a n g l e s  are 
s h a m  i n  Figure 9. The curves are of similar shape t o  the  drag only case and 
e x t e n d  t o  i n f i n i t y .  A t  some dis tance  from the  o r ig in ,  t hey  a l l  tend to  approach 
s t r a i g h t  l i n e s ,  e a c h  a t  a d i f f e ren t  s lope .  This s lope  i s  p l o t t e d  t o  t h e  i n i t i a l  
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f l i gh t  pa th  ang le  as shown i n  F i g u r e  13. T r a j e c t o r i e s  shown i n  F i g u r e  9 are 
similar t o  t h e  d r a g  t r a j e c t o r i e s  i n  t h a t  e a c h  h a s  a quasi-steady portion. 
I n  a manner similar to  the  drag-only  case the  cons t an t  h along any given 
locus of endpoints asymptotically approaches a fixed value.  I ont rary  t o  t h e  
drag-only case, t h i s  v a l u e  is a maxinum ins tead  of a minimum. If ?I. is picked 
above t h i s  maximum va lue  the  t r a j ec to ry  d ives .  The approximate reg i on of  va l id  
va lues  fo r  X is  shown i n  F i g u r e  11. Again it is easy  to  see that as i n  t h e  
drag case, the s o l u t i o n  is more s e n s i t i v e  t o  he a t  lower i n i t i a l  f l i g h t  p a t h  
angles  than higher  ones al though due to  the asymptot ic  property of  he, a l l  solu-  
t i o n s  are s e n s i t i v e  t o  XS a t  large dis tances  f rom the or igin.  
Figure 12 shows t h e  l i f t  c o e f f i c i e n t s  CL necessa ry  to  f ly  some t y p i c a l  tra- 
j e c t o r i e s  f o r  t h e  t h r u s t  a n d  d r a g  case. The range of the required l i f t  c o e f f i c i -  
e n t  i s  well wi th in  the  capab i l i t i e s  o f  most a i r c r a f t .  
DISCUSSION AND CONCWSIONS 
The a i r c r a f t  i n  t h i s  p a p e r  was assumed to  opera te  under  thrus t ,  d rag ,  l i f t ,  
and gravi ty  forces .  For  the cases i n  which thrust  was set equal  to  zero,  the 
m a x i m u m  energy  of  the  a i rc raf t  is given by its i n i t i a l  k i n e t i c  p l u s  p o t e n t i a l  
energy. The magnitude of the i n i t i a l  t o t a l  e n e r g y  d e t e r m i n e s  a boundary of end- 
points outside of which it is physically impossible to have a t ra jec tory .  For  
the  cases which include thrust ,  every point  in  the plane is a physically ob- 
tainable point,  even though a zigzag path may be  necessary  for  an  a i rc raf t  wi th  
a t h r u s t  t o  w e i g h t  r a t i o  less than one to  reach them. However, t he re  is a 
boundary outside of which optirmm solutions are not obtained. The boundary of 
opt imal  so lu t ions  for  the  thrus t -only  case  is given by the locus of optimal 
endpoints for y 1  = -90° and the boundary of optimal solutions for the thrust  and 
drag case i s  given by the locus of  opt imal  endpoints  for  y1 = +goo. Due t o  com- 
putational complexities,  these boundaries were not  evaluated for  Figures  2 and 
9, However, the locus of optimal  endpoints  for  the -7OO case in  F igu re  2 and 
the  +60° case  in  F igure  9 very closely approximates the boundary of optimal 
so lu t ions .  
It is evident  from Figures  1 and 2 t h a t  when drag i s  not  inc luded  in  a 
problem, the re  i s  no tendency for a po r t ion  o f  t he  f l i gh t  t r a j ec to ry  to  be  l i n -  
ear. This quasi-s teady effect  appears  only when velocity dependent drag is 
introduced into the problem and i s  i l l u s t r a t e d  i n  F i g u r e s  5 and 9 .  A f e a t u r e  
of t h e  f l i g h t  t r a j e c t o r i e s  which are pa r t i a l ly  quas i - s t eady  is tha t  t he  s t eady  
pa r t  o f  t he  t r a j ec to ry  is preceded by a diving type of  maneuver and followed by 
a climbing type of maneuver. During the steady portion of the flight the 
f l ight  path s lope and the s lope of  the corresponding locus of  optimum endpoints 
are near ly  equal .  The t r a j ec to ry  s lope  is s l igh t ly  g rea t e r  t han  the  s lope  o f  
the locus €or endpoints located a f i n i t e  d i s t a n c e  from the origin but approaches 
the  same s lope  as the endpoint is  moved t o  i n f i n i t y .  
The parameter As has a great  inf luence on the length and shape of an opti-  
mal trajectory.  Values  of AS given by the equat ion 
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represent  the  minimum value of Xs for  the  thrus t  and  drag  case (with r l  > 0) and 
t h e  maximum value of h5 fo r  t he  d rag  case (with r l  < 0). The number spec i f i ed  
by Equation (4.1) i s  the   on ly   va lue   for   the   ra t io   for   the   b rachis tochrone  
problem (with r - 0). In  th i s  respec t  the  brachis tochrone  problem represents  
the  border  l ine  case be tween t ra jec tor ies  f lown wi th  thrus t  g rea te r  than  drag  
and vice versa .  From Figures  5 and 9 o r  F igu res  6 and  10, it i s  seen that f o r  
t r a j ec to r i e s  o f  sho r t  l eng th ,  A is ve ry  c lose  in  va lue  to  tha t  g iven  by Equation 
(4.1). A consequence of t h i s  s 5. t ua t ion  i s  t h a t  t r a j e c t o r i e s  o f  s h o r t  l e n g t h  ex- 
h i b i t  t h e  c h a r a c t e r i s t i c s  o f  a brachis tochrone  so lu t ion  in  tha t  the  locus  of  
op t ima l  endpo in t s  nea r ly  co inc ides  wi th  the  t r a j ec to ry  i t s e l f .  As a r e s u l t ,  a 
brachis tochronic  approximation can be used for  generat ing short  t ra jector ies .  
This approximation is  obtained by s e t t i n g  
i n  Equation (2.81) to  g ive  
y" y Y  
which is independent of As and i s  prec ise ly  the  opt imiz ing  condi t ion  for  
brachistochrone  problem. When Equation (4.3) is used as the  opt imizing 
di t ion along with the equat ions of  constraint  (2 .83) ,  (2.84), and  (2.85), a t r a -  
jectory solut ion which passes  through the desired endpoint  suff ic ient ly  "close"  
t o  t h e  o r i g i n  w i l l  be a good approximat ion  to  the  t rue  opt imal  t ra jec tory .  
For a g i v e n  i n i t i a l  f l i g h t  p a t h  a n g l e ,  l o n g e r  f l i g h t  t r a j e c t o r i e s  are ob- 
ta ined for  the drag-only case by decreasing the value of  AS from 
COSY 1 
u1 
"
and fo r  t he  th rus t  and drag case by increasing the value of  h5. from 
COSY 1 
U T  
". 
In both cases the t ra jectory lengthens a t  an  ever  increas ing  rate as A approaches 
some f ixed  number. For  example, i n  F igu re  9, i n  o r d e r  t o  l e n g t h e n  the y1 = 0 
t r a j e c t o r y  from the  po in t  5 - 21.0, rl = 7.7, t o  t h e  p o i n t  5 = 31.9, = 10.5, the  
m u l t i p l i e r  As must be changed only the small amount of 0.000021 ( d i g i t a l  computer 
da ta ) .  Beyond t h i s  p o i n t ,  t h e  number o f  s i g n i f i c a n t  f i g u r e s  needed t o  s p e c i f y  
he increase  a t  a f a n t a s t i c  rate. As a r e s u l t  i t  is s imply not  possible  to  solve 
f o r  a n  optimum t ra jec tory  wi th  an  endpoin t  a g rea t  d i s t ance  from t h e  o r i g i n  by 
d i rec t ly  in tegra t ing  the  opt imiz ing  equat ions  us ing  t r i a l  and er ror  to  de te rmine  
y1 and At. However, t h e  f a c t  t h a t  a good por t ion  of  an  optimum t r a j e c t o r y  t o  a 
E 
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d i s t a n t  p o i n t  w i l l  be quasi-steady, can be used to  construct an approximate 
t r a j e c t o r y  to  any d i s t a n t  p o i n t  w i t h i n  the boundary of optimal solutions.  This 
may be done by us ing  Figure  9 to  estimate the value of y1 and LE needed to  
reach  the  se lec ted  endpoin t .  The opt imizing  equat ion  can  then  be  integrated 
u n t i l  t h e  s o l u t i o n  becomes quasi-steady. The steady port ion of  the so lu t ion  can  
then be extended u n t i l  a zoom using the brachis tochronic  approximation w i l l  ex- 
tend the t ra jectory through the selected endpoint .  
b rachis tochronic  approximat ion  in  the  f ina l  zoom i s  
The b a s i s  f o r  u s i n g  t h e  
t h a t  a t  the endpoint  
By modifying the brachistochronic approximation through the introduction 
of an appropriate  constant  mult iplying factor  into Equat ion (3.1), t r a j e c t o r i e s  
of considerable length can be approximated. Although a t  the  present  time t h i s  
method has not been used extensively,  it appea r s  t ha t  i t  may be of considerable 
a i d  when genera t ing  trajectories inc lud ing  cons t r a in t s .  
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